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A physics informed machine learning problem

General problem :
e unknown function u: z+—— u(z), z€ D
o small database of values B = {u(z), ..., u(zp)}

@ u is a solution to a linear Partial Differential Equation (PDE) over D :
Lu=0 (1)

Objective : reconstruct u from the knowledge of B and L.

Possible solution : perform GPR on B, with a GP (U(z)).ep tailored to L,
i.e. such that

O the corresponding Kriging means m verify L =0

@ the sample paths i of U verify Li =0
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Linear constraints on the Kriging means (1)

Why impose linear constraints on the Kriging means?
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Linear constraints on the Kriging means (2)

e Unknown function v : z — u(z), z € D.
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Linear constraints on the Kriging means (2)

e Unknown function v : z — u(z), z € D.

© Z=(z1,...,2,)" aset of locations and Y = (y1,...,yn)" a set of

observations of u at Z
Let (U(z))zep ~ GP(0, k(z,2")). Kriging mean :

M(z) = k(z, 2)k(Z,2)7tY

aik(z, zj)

i=1

— m € Span(k(-, z1), ..., k(+, z))
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Linear constraints on the Kriging means (2)

e Unknown function v : z — u(z), z € D.

© Z=(z1,...,2,)" aset of locations and Y = (y1,...,yn)" a set of

observations of u at Z
Let (U(z))zep ~ GP(0, k(z,2")). Kriging mean :

M(z) = k(z, 2)k(Z,2)7tY

aik(z, zj)

i=1

— m € Span(k(-,z1), ..., k(+, zn))
L(k(-,z)) = 0 Vz ensures that L = 0.
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Some examples of GPR for differential operators

Given L, find a kernel k; s.t. L(k.(-,z)) =0 Vz;
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Some examples of GPR for differential operators

Given L, find a kernel k; s.t. L(ki(-,2)) =0Vz; A= Zf’zl 8)2(’_)(’_ ;

o Laplace : Au= 0 Mendes and da Costa Janior [2012], Ginsbourger
et al. [2016]
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Given L, find a kernel k; s.t. L(ki(-,2)) =0Vz; A= Zf’zl afixi ;
o Laplace : Au= 0 Mendes and da Costa Janior [2012], Ginsbourger
et al. [2016]
@ Heat : 9y — DAu = 0 Albert and Rath [2020]
@ Div/Curl : V-u =0, V x u=0 Scheuerer and Schlather [2012]
e Continuum mechanics : Jidling et al. [2018]
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°

Stationary Maxwell : Wahlstrom et al. [2013], Jidling et al.
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e See also latent forces : Alvarez et al. [2009], Lépez-Lopera et al. [2021]

Uses representations of solutions of Lu =0 as
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Some examples of GPR for differential operators

Given L, find a kernel k; s.t. L(ki(-,2)) =0Vz; A= Zf’zl afixi ;
o Laplace : Au= 0 Mendes and da Costa Janior [2012], Ginsbourger
et al. [2016]
@ Heat : 9y — DAu = 0 Albert and Rath [2020]
@ Div/Curl : V-u =0, V x u=0 Scheuerer and Schlather [2012]
e Continuum mechanics : Jidling et al. [2018]
e Helmholtz : —Au = Au Albert and Rath [2020]
°

Stationary Maxwell : Wahlstrom et al. [2013], Jidling et al.
[2017],Lange-Hegermann [2018]

e See also latent forces : Alvarez et al. [2009], Lépez-Lopera et al. [2021]

Uses representations of solutions of Lu =0 as
u=Gf (2)

Then k. = (G ® G)k yields suitable Kriging means.
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GPR for the wave equation

Use explicit formulas for solving (9% — c?A)u = Ou = 0...

Build a kernel k s.t. Ok(-, (x, t)) = 0 V(x, t).

Direct numerical simulation

t=0.03 out of 2
120

Reconstruction with GPR
s t=02, AEE@OAQAGR
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Linear constraints on the sample paths (Ginsbourger et al.

[2016])

Let U = (U(2))sep ~ GP(0, k(z,2')).
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e U(z): (Q,F,P) — R is a (Gaussian) random variable.
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General property : bilinearity of the covariance yields
P(L(U)=0)=1 <= Vze D, L(k(-,z))=0

Rigorous proof : case-by-case depending on L.
Previous linear PDEs are elliptic or parabolic :

@ Regular solutions (Ck or C* solutions)
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Prototype for hyperbolic PDEs : the wave equation

3D free space wave eq. : consider A = 92, + 8)%}, + 02, and the PDE

{Lu :C—lzatztu—Au:Du:O, (x,t) e R3 x Rt (3)

u(x,0) = uo(x), Oru(x,0) = wo(x)
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Lu =%02u—Au=0u=0, (x,t)eR3xR" 3)
u(x,0) = uo(x), Oru(x,0) = vp(x)

Solution representation formula :
u(x,t) = (Ft * vo)(x) + (Ft * Up)(x) = G(ug, vo)(x,t) (4)

Contrarily to previous examples, F; and F; are "singular" :

F, = 47(:?21? (singular measure) and F; = 9;F; (5)
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Prototype for hyperbolic PDEs : the wave equation

3D free space wave eq. : consider A = 92, + 83}, + 02, and the PDE

{Lu = 102u—Au=0u=0, (x,t)cR3xR" )
u(x,0) = uo(x), Oru(x,0) = vp(x)
Solution representation formula :
u(x, t) = (F¢ * vo)(x) + (F¢ * uo)(x) = G(uo, vo)(x, t) (4)
Contrarily to previous examples, F; and F; are "singular" :
F, = Oct (singular measure) and F; = 9;F; (5)

42t

In some cases (e.g. up and/or vp only C1), u is well defined but not of class
c?!
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Prototype for hyperbolic PDEs : the wave equation

3D free space wave eq. : consider A = 92, + 83}, + 02, and the PDE

{Lu = 102u—Au=0u=0, (x,t)cR3xR" )
u(x,0) = uo(x), Oru(x,0) = vp(x)
Solution representation formula :
u(x, t) = (F¢ * vo)(x) + (F¢ * uo)(x) = G(uo, vo)(x, t) (4)
Contrarily to previous examples, F; and F; are "singular" :
F, = Oct (singular measure) and F; = 9;F; (5)

42t

In some cases (e.g. up and/or vp only C1), u is well defined but not of class
c?!
— Link between L, k; and underlying GP U not obvious anymore.
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Distributional formulation of PDEs

Let D be an open set of R.
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Let D be an open set of R. Note D the single derivative operator. Linear
differential operator L :

Lu= Z akau
k=1
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Distributional formulation of PDEs

Let D be an open set of R. Note D the single derivative operator. Linear
differential operator L :

Lu= Z akau
k=1

Suppose u is a classical solution to Lu =0 : u is of class C" and verifies

Vx € D, (Lu)(x) =0 (6)
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Distributional formulation of PDEs

Let D be an open set of R. Note D the single derivative operator. Linear
differential operator L :

Lu= Z akau
k=1

Suppose u is a classical solution to Lu =0 : u is of class C" and verifies
Vx € D, (Lu)(x) =0 (6)

Multiply (6) by ¢ € C§°(D) and integrate over D :

Vi € C3°(D), /D Lu(x)p(x)dx = 0 (7)
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Distributional formulation of PDEs

IBP on (7) :

/ DFu(x)p(x)dx = (~1)* / u(x) D ((x)) dx
D D
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Distributional formulation of PDEs

IBP on (7) :
/ D¥u(x)p(x)dx = (~1)¥ / u(x)D* (p(x)) dx
D D

Define L*v = Y7 _; ax(—1)kD*v.
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Distributional formulation of PDEs

IBP on (7) :
/ DFu(x)p(x)dx = (~1)* / u(x) D ((x)) dx
D D
Define L*v = Y7 _; ak(—1)kD*v. Then,

Vo € CSO(D),/D Lu(x)p(x)dx = /D u(x)L*p(x)dx =0
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Distributional formulation of PDEs

IBP on (7) :
| D uex1ax = (~1)* [ a0 (o)
D D
Define L*v = Y7 _; ak(—1)kD*v. Then,
Vo € Cé’o(D),/ Lu(x)p(x)dx :/ u(x)L*p(x)dx =0
D D
A function u is a solution to the PDE Lu = 0 in the distributional sense if

Vo € G5°(D), /D u(x)L*p(x)dx =0 (8)
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Distributional formulation of PDEs

IBP on (7) :
[ D ulsyettae = (1" [ a()D¥ ()
Define L*v = Y7 _; ak(—1)kD*v. Then,
Vo € Cé’o(D),/D Lu(x)p(x)dx = /D u(x)L*p(x)dx =0
A function u is a solution to the PDE Lu = 0 in the distributional sense if
Vo € C5°(D), /D u(x)L*o(x)dx =0 (8)
The standard hypothesis for (8) to make sense is u € LL (D) :

loc

/ |u] < 400 for all compact set K C D
K
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Imposing distributional diff. constraints on sample paths

Can we have something like
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Imposing distributional diff. constraints on sample paths

Can we have something like

P(L(U) = 0 in the sense of distribs) =1
—
Vz €D, L(k(-,z)) =0 in the sense of distribs
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Imposing distributional diff. constraints on sample paths

Can we have something like

P(L(U) = 0 in the sense of distribs) =1
—
Vz €D, L(k(-,z)) =0 in the sense of distribs

Answer :
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Imposing distributional diff. constraints on sample paths

Can we have something like

P(L(U) = 0 in the sense of distribs) =1
—
Vz €D, L(k(-,z)) =0 in the sense of distribs

Answer : yes.
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Random fields under distributional diff. constraints

Proposition 1 (H. et al. [2022])

Let D C RY be an open set and let L = > lkl<n ak(x)0k be a linear
differential operator with coefficients ax(x) € CIKI(D). Let U = (U(x))xeD
be a measurable centered second order random field with covariance kernel
k(x,x"). Suppose that its standard deviation function o : x — +/k(x, x)
lies in L}, (D).

1) Then on a set of probability 1, the trajectories of U lie in L} (D) as well
as the functions k(-, x) for all x € D.

2) The following statements are equivalent :

@ P(L(U) =0 in the sense of distributions) = 1

@ Vx € D, L(kc) =0 in the sense of distributions.
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Random fields under distributional diff. constraints

Proposition 1 (H. et al. [2022])

Let D C RY be an open set and let L = > lkl<n ak(x)0¥ be a linear
differential operator with coefficients ax(x) € CIKI(D). Let U = (U(x))xGD
be a measurable centered second order random field with covariance kernel
k(x,x"). Suppose that its standard deviation function o : x — +/k(x, x)
lies in L}, (D).

1) Then on a set of probability 1, the trajectories of U lie in L} (D) as well
as the functions k(-, x) for all x € D.

2) The following statements are equivalent :

@ P(L(U) =0 in the sense of distributions) = 1

@ Vx € D, L(kc) =0 in the sense of distributions.

Extends results from Ginsbourger et al. [2016]. to linear distributional diff.
constraints. Application to GPR : this property is inherited to conditioned
GPs and the Kriging means.

I. Henderson (INSA Toulouse henderso@i GPs under linear PDE constrs. 5 Octobre 2022 13 /26



GP modelling for the 3D wave equation

3D free space wave equation :

Lu = L0%u—Au=0u=0, (x,t)eR3xR*T
u(x,0) = uo(x) (9)
dru(x,0) = w(x)
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GP modelling for the 3D wave equation

3D free space wave equation :

Lu = L0%u—Au=0u=0, (x,t)eR3xR*T
u(x,0) = uo(x) (9)
dru(x,0) = w(x)

Fourier in the space variable on (9)

u(x, t) = (F¢ % vo)(x) + (Ft * up)(x) V(x,t) € R® x RT (10)

I. Henderson (INSA Toulouse henderso@i GPs under linear PDE constrs. 5 Octobre 2022 14 /26



GP modelling for the 3D wave equation

3D free space wave equation :

Lu = L0%u—Au=0u=0, (x,t)eR3xR*T
u(x,0) = uo(x) (9)
dru(x,0) = w(x)

Fourier in the space variable on (9)

u(x, t) = (F¢ % vo)(x) + (Ft * up)(x) V(x,t) € R® x RT (10)

with
Oct :
Ft == > and Ft == BtFt (11)
dmcet
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Details on F; and F,

— Ft = ;7% means that
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Details on F; and F,

— Ft = ;7% means that

2w
/ f(x)Fe(dx) = / / (cty)sin0dOdp = -t f(cty)dQ
R3 4 Js(o0,1)

where 7 is the unit length vector v = (sin @ cos ¢, sin @sin ¢, cos )T
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Details on F; and F,

— Ft = ;7% means that

2w
/ f(x)Fe(dx) = / / (cty)sin0dOdp = -t f(cty)dQ
R3 4 Js(o0,1)

where v is the unit length vector v = (sin @ cos ¢, sin @sin o, cos#) .

—— Convolution between functions and measures :

(f*g)(X)=/R3g(X—y)f(y)dy (u*g)(X)=/R3g(X—y)u(dy)
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Details on F; and F,

— Ft = ;7% means that

2w
/ f(x)Fe(dx) = / / (cty)sin0dOdp = -t f(cty)dQ
R3 4 Js(o0,1)

where v is the unit length vector v = (sin @ cos ¢, sin @sin o, cos#) .

—— Convolution between functions and measures :

(f*g)(X)=/R3g(X—y)f(y)dy (u*g)(X)=/R3g(X—y)u(dy)

— Fy = O;F; means that

(Ft,f) = 0 / f(x)dF:(x)

1
= f(cty)dQ+ — / Vi(cty)-~vdQ
4T Js(0,1) 4 Js(0,1)
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GP modelling fo D wave equation

Suppose that vy and vy are unknown.
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GP modelling fo D wave equation

Suppose that vy and vy are unknown.

—— model them as random functions.
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GP modelling for the 3D wave equation

Suppose that vy and vy are unknown.

—— model them as random functions.

Let (Uo(x))xer3 ~ GP(0, k,) and (Vo(x))xers ~ GP(0, k,) be two
independent GPs.
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GP modelling for the 3D wave equation

Suppose that vy and vy are unknown.

—— model them as random functions.

Let (Uo(x))xer3 ~ GP(0, k,) and (Vo(x))xers ~ GP(0, k,) be two
independent GPs.

Model ug and vy as sample paths drawn from Uy and Vj respectively :
Jw € Q, up(+) = Uo()(w) and () = Vo(-)(w).
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GP modelling for the 3D wave equation

Suppose that vy and vy are unknown.
—— model them as random functions.

Let (Uo(x))xer3 ~ GP(0, k,) and (Vo(x))xers ~ GP(0, k,) be two
independent GPs.

Model ug and vy as sample paths drawn from Uy and Vj respectively :
Jw € Q, uo(-) = Uo(-)(w) and vo(-) = Vo(-)(w)-

For fixed (x, t), define the random variables V/(x, t), U(x,t) and W(x, t)
by

V(x,t) :w— (Fe x Vo () (w))(x) (12)
U(x, t) : wr—s (Fp % Up(-)(w))(x) (13)
W(x,t) = V(x,t)+ U(x, t) (14)
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GP modelling for the 3D wave equation

Proposition 2
Note D = R3 x R. Define the functions

VZ,ZI € D, k‘x;vave(z,zl) = [(Ft &® Ft’) & kv](Xaxl) (15)
[(Fe ® Fer) * k] (x, X) (16)

klx;vave(z7 Z/) —

1) Then (U(z2))zep.(V(2))zep and (W(z)),ep are centered GPs.

2) The covariance kernels of (U(z))zep,(V(2))zep and (W(z2)),ep are
given by kYaVe, k¥aV¢ and kY*V¢ 4 kv respectively.

Sketch of proof : bilinearity of the covariance + technical details...
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Solving inverse problems

For all z € D, Ok}ave(.,z) = Oky>ve(-,z) = 0!
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Solving inverse problems

For all z € D, Ok}ave(.,z) = Oky>ve(-,z) = 0!

Proposition 1 = any random field with either of the covariance kernels
above has its sample paths solutions to the wave equation.
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Solving inverse problems

For all z € D, Ok}ave(.,z) = Oky>ve(-,z) = 0!

Proposition 1 = any random field with either of the covariance kernels
above has its sample paths solutions to the wave equation.

Objective now : perform GPR with either of these covariance kernels.
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Solving inverse problems

For all z € D, Ok}ave(.,z) = Oky>ve(-,z) = 0!

Proposition 1 = any random field with either of the covariance kernels
above has its sample paths solutions to the wave equation.

Objective now : perform GPR with either of these covariance kernels.

— Parameter estimation (marginal likelihood)
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Solving inverse problems

For all z € D, Ok}ave(.,z) = Oky>ve(-,z) = 0!

Proposition 1 = any random field with either of the covariance kernels
above has its sample paths solutions to the wave equation.

Objective now : perform GPR with either of these covariance kernels.
— Parameter estimation (marginal likelihood)

— function prediction/reconstruction (Kriging mean/covariance)

I. Henderson (INSA Toulouse henderso@i GPs under linear PDE constrs. 5 Octobre 2022 18/26



Localization of point sources

Truncated kernel for vy, around xp € R3, radius R :
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Localization of point sources

Truncated kernel for vy, around xp € R3, radius R :

18(x0,R)(X) 1B(x0,R)
47R3/3 47R3/3
k2o ((x, 1), (X, 1) = [(Fe ® Fur) % k] (x,X)

kf(x, x') = ky(x,x")
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Localization of point sources

Truncated kernel for vy, around xp € R3, radius R :

18(x0,R)(X) 1B(x0,R)
47R3/3 47R3/3
k2o ((x,t), (X' 1) = [(Fe ® Fer) * k] (x,x")

kf(x, x') = ky(x,x")

(x0, R, ¢) are hyperparameters of k{/?*¢. Limit R — 0 : point source.
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Localization of point sources

Truncated kernel for vy, around xp € R3, radius R :

1 (x)1
R no_ 1\ - B(xo;R) B(xo,R)
h Oex) = o) = oS 3 2R3 /3

ke e((x, 1), (X', 1) = [(Fe @ Fo) * kf1(x,x')

(x0, R, ¢) are hyperparameters of k{/?*¢. Limit R — 0 : point source.

Objective : recover xj, the true source position, given sensor data w.r.t.
u(x, t).
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Localization of point sources

Truncated kernel for vy, around xp € R3, radius R :

1 (x)1
R no_ 1\ - B(xo;R) B(xo,R)
h Oex) = o) = oS 3 2R3 /3

ke e((x, 1), (X', 1) = [(Fe @ Fo) * kf1(x,x')

(x0, R, ¢) are hyperparameters of k{/?*¢. Limit R — 0 : point source.

Objective : recover xj, the true source position, given sensor data w.r.t.
u(x, t).Suppose that all the hyperparameters are set to the correct value

except xg. Solve :
x§ = argminul, (Ky, + M) Lugps + log det(Ky, + M) =: L(xo)

X0 ER3
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Minimize negative marginal likelihood = GPS localization

0.8 4

0.6 -

z axis

0.4

0.2

-0.2 4

T axis

I. Henderson (INSA Toulouse henderso@i

GPs under linear PDE constrs.

«10° Figure : negative log
marginal likelihood.

Display values : less
than 2.035 x 10°.

X : sensor locations.

14 % : source location.

. See H. et al. [2021]
for study/proofs.
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Initial condition reconstruction

The Kriging means are also solutions to the wave equation : Jm =0
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Initial condition reconstruction

The Kriging means are also solutions to the wave equation : Jm =0
— if we observe values of a function v that is solution to Ou = 0, then m
provides approximations for ug and vy with :
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Initial condition reconstruction

The Kriging means are also solutions to the wave equation : Jm =0

— if we observe values of a function v that is solution to Ou = 0, then m
provides approximations for ug and vy with :

m(x,0) ~ u(x,0) = up(x)
Orm(x,0) ~ dru(x,0) = vp(x)

o Test case : radial symmetry around some xg, source size R.
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Initial condition reconstruction

The Kriging means are also solutions to the wave equation : Jm =0

— if we observe values of a function v that is solution to Ou = 0, then m
provides approximations for ug and vy with :
m(x,0) ~ u(x,0) = up(x)
Orm(x,0) ~ dru(x,0) = vp(x)

o Test case : radial symmetry around some xg, source size R.
e Estimate (xo, R, ¢)
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Initial condition reconstruction

The Kriging means are also solutions to the wave equation : Jm =0

— if we observe values of a function v that is solution to Ou = 0, then m
provides approximations for ug and vy with :
m(x,0) ~ u(x,0) = up(x)
Orm(x,0) ~ dru(x,0) = vp(x)

o Test case : radial symmetry around some xg, source size R.
e Estimate (xo, R, ¢)

Test case : vp only : use k'®¢ for GPR; Matérn kernel for k.

up(x) =0
2m(|x—xo|— F1FR2)
w(x) = Aﬂ[Rl,Rz](‘X — xo|)| 1+ cos — R R
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Initial condition reconstruction

The Kriging means are also solutions to the wave equation : Jm =0

— if we observe values of a function v that is solution to Ou = 0, then m
provides approximations for ug and vy with :
m(x,0) ~ u(x,0) = up(x)
Orm(x,0) ~ dru(x,0) = vp(x)

o Test case : radial symmetry around some xg, source size R.
e Estimate (xo, R, ¢)

Test case : vp only : use k'®¢ for GPR; Matérn kernel for k.

up(x) =0
o (x| FLER2
w(x) = Aljg, gy (% — x0]) l—i—cos( (ol ))

— Simulate numerically the corresponding solution u(x, t).
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Initial condition reconstruction

o Kriging data : B = {u(x;,tj),1 <i < Nc,1 <j < Nt} + noisy data
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Initial condition reconstruction

o Kriging data : B = {u(x;,tj),1 <i < Nc,1 <j < Nt} + noisy data
o Nc = 30 sensors scattered over [0,1]3 (Latin hypercube), Ny = 75.
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Initial condition reconstruction

o Kriging data : B = {u(x;,tj),1 <i < Nc,1 <j < Nt} + noisy data
o Nc = 30 sensors scattered over [0,1]3 (Latin hypercube), Ny = 75.

Noiseless signal

T
Sensor 6

T T T
Sensor 4 Sensor 5

T T T T
Sensor 2 ; Sensor 3

| | T i | AN | R L
51005 1 15[005 1 15[005 1 15[005 1 15[005 1 L5
Time (s)
Noisy signal
2 T T T T T T T T T T T
ensor 1 Sensor 2 ensor 3 Sensor 4 Sensor 5 Sensor 6
1k

0 I ! I I | | I AA’
0 05 1 15/005 1 15(005 1 15(005 1 15
Time (s)

Goals
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Initial condition reconstruction

o Kriging data : B = {u(x;,tj),1 <i < Nc,1 <j < Nt} + noisy data
o Nc = 30 sensors scattered over [0,1]3 (Latin hypercube), Ny = 75.

Noiseless signal

T
Sensor 6

T T T
Sensor 4 Sensor 5

P I T T LT
51005 1 15[005 1 15[005 1 15[005
Time (s)
Noisy signal

T T T T
Sensor 2 ; Sensor 3

. g
1 15(005 1 1.

2 T T T T T T T T T T T
ensor 1 Sensor 2 ensor 3 Sensor 4 Sensor 5 Sensor 6
1- 4
0 I ! I I | | I I AA’ Wy I
0 05 1 15/005 1 15(005 1 15(005 1 15/005 1 15/005 1 15
Time (s)

Goals — Physical parameter estimation/recovery : (xg, R, ¢)
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o Kriging data

Initial condition reconstruction

Noiseless signal

1 B={u(x,t),1 <i<Nc,1<j<Nr} + noisy data
o Nc = 30 sensors scattered over [0,1]3 (Latin hypercube), Ny = 75.

T T
Sensor 5

[00.5
e (s)
signal

.5

I
1 15

T
ensor 1

T
Sensor 5

0.5

I. Henderson (INSA Toulouse henderso@i

1 15[005

1 15[005

GPs under linear PDE constrs.

Goals — Physical parameter estimation/recovery : (xg, R, ¢)
— initial condition reconstruction




Physical parameter recovery

Perform Log-marginal likelihood maximization with

0= (C, R,XO, ematern)
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Physical parameter recovery

Perform Log-marginal likelihood maximization with

0= (C, R,XO, ematern)

Example for [¢ — ¢*| :

10°

Distance to g

107214

1073

"
\

0

I. Henderson (INSA Toulouse henderso@i

10 20
Number of sensors

GPs under linear PDE constrs.
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Initial condition reconstruction

vp with GP
1 100
80
0.6 60
40
20
0
0
0 03 1

100
100 100
60 , 60
40 50 40
20 20
1 0 1
0.6 0 0.6 0
. 003
0 10
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Future perspectives : Sobolev regularity of GPs

Natural generalization of distributional formulation of PDEs : replace
C°(D) with larger space of test functions, e.g. H'(D).

— variational /weak formulation
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Future perspectives : Sobolev regularity of GPs

Natural generalization of distributional formulation of PDEs : replace
C°(D) with larger space of test functions, e.g. H'(D).

— variational /weak formulation

Natural regularity : Sobolev — H(D), W™P(D)...

1112 ;:/ f(x)zdx+/ |V F(x)|?dx
D D
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Future perspectives : Sobolev regularity of GPs

Natural generalization of distributional formulation of PDEs : replace
C°(D) with larger space of test functions, e.g. H'(D).

— variational /weak formulation

Natural regularity : Sobolev — H(D), W™P(D)...

1112 ;:/ f(x)zdx+/ |V F(x)|?dx
D D

Natural interpretation of Sobolev norms : energy, energy balance,... Tackle
physics problems with GP modelling :

— identify GPs whose sample paths enjoy a specified form of Sobolev
regularity

— how to control their Sobolev norm?

— obtain posterior convergence rates in Sobolev norm...

— see H. [2022]
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Some conclusions

@ random fields under linear differential constraints : solutions in the
distributional sense.
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Some conclusions

@ random fields under linear differential constraints : solutions in the
distributional sense.

@ GP modelling for the wave equation : formulas for k¥ and k}y*Ve.

I. Henderson (INSA Toulouse henderso@i GPs under linear PDE constrs. 5 Octobre 2022 26 /26



Some conclusions

@ random fields under linear differential constraints : solutions in the
distributional sense.

@ GP modelling for the wave equation : formulas for k¥ and k}y*Ve.

@ Inverse problem approach : numerical experiments.
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"Explicit" formulas for (F; ® Fy) * k, and (Ft & Ft’) * ky

More explicitly,

[(Fe ® Fer) * k] (x, x')
;N dQdQY

= tt'/ ky(x — cty,x' — ct'y )~
S(0,1)xS(0,1) (4m)2

[(Ft ® Ft/) * ky)(x,x") = / (ku(
S(0,1)x5(0,1)

— ctViky(x — cty,x' — ct'y') - v

x — cty,x' — ct'y')

/

— ct'Vaky(x — cty,x' — ct’y') -y
dQdqY

+ 2tt'y TV Vaky(x — cty, x' — Ct'y')y') e
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Radial symmetry formulas

tt/
k¥Ve(z,7') = sgn(tt’) Z 66’KV((r +ect)?, (r' + e’c|t’|)2)

o 16c2rr
e,e’e{-1,1}
kl‘;VaVe(z7 Z,) —
1
Y Z (r+ect)(r' +c|t'DKS((r +ect)?, (r + € c|t'])?)
" ee’e{-1,1}
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