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A physics informed machine learning problem

General problem :

unknown function u : z 7−→ u(z), z ∈ D
small database of values B = {u(z1), ..., u(zn)}
u is a solution to a linear Partial Differential Equation (PDE) over D :

Lu = 0 (1)

Objective : reconstruct u from the knowledge of B and L.
Possible solution : perform GPR on B , with a GP (U(z))z∈D tailored to L,
i.e. such that

1 the corresponding Kriging means m̃ verify Lm̃ = 0

2 the sample paths ũ of U verify Lũ = 0
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Linear constraints on the Kriging means (1)

Why impose linear constraints on the Kriging means ?

Approximate u : D → R, i.e. u ∈ F(D,R) = E

Prior knowledge : in fact, u ∈ ker L = F :

Look for an interpolant of u directly in F rather than in E !

F ⊊ E → "dimF < dimE" : "dimension reduction".
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Linear constraints on the Kriging means (2)

Unknown function u : z 7−→ u(z), z ∈ D.

Z = (z1, ..., zn)
T a set of locations and Y = (y1, ..., yn)

T a set of
observations of u at Z

Let (U(z))z∈D ∼ GP(0, k(z , z ′)). Kriging mean :

m̃(z) = k(z ,Z )k(Z ,Z )−1Y

=
n∑

i=1

αik(z , zi )

→ m̃ ∈ Span(k(·, z1), ..., k(·, zn))

L(k(·, z)) = 0 ∀z ensures that Lm̃ = 0.
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Some examples of GPR for differential operators

Given L, find a kernel kL s.t. L(kL(·, z)) = 0 ∀z ;

∆ =
∑d

i=1 ∂
2
xixi

:

Laplace : ∆u = 0 Mendes and da Costa Júnior [2012], Ginsbourger
et al. [2016]
Heat : ∂t − D∆u = 0 Albert and Rath [2020]
Div/Curl : ∇ · u = 0, ∇× u = 0 Scheuerer and Schlather [2012]
Continuum mechanics : Jidling et al. [2018]
Helmholtz : −∆u = λu Albert and Rath [2020]
Stationary Maxwell : Wahlstrom et al. [2013], Jidling et al.
[2017],Lange-Hegermann [2018]
See also latent forces : Álvarez et al. [2009], López-Lopera et al. [2021]

Uses representations of solutions of Lu = 0 as

u = Gf (2)

Then kL = (G ⊗ G )k yields suitable Kriging means.
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GPR for the wave equation

Use explicit formulas for solving (∂2
tt − c2∆)u = □u = 0...

Build a kernel k s.t. □k(·, (x , t)) = 0 ∀(x , t).

Direct numerical simulation Reconstruction with GPR
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Linear constraints on the sample paths (Ginsbourger et al.
[2016])

Let U = (U(z))z∈D ∼ GP(0, k(z , z ′)).

U(z) : (Ω,F ,P) −→ R is a (Gaussian) random variable.
Forall ω ∈ Ω, z 7−→ U(z)(ω) is a sample path.

let L be a linear operator acting on a suitable space of functions.

General property : bilinearity of the covariance yields

P(L(U) = 0) = 1 ⇐⇒ ∀z ∈ D, L(k(·, z)) = 0

Rigorous proof : case-by-case depending on L.
Previous linear PDEs are elliptic or parabolic :

Regular solutions (C k or C∞ solutions)
PDE Lu = 0 can be understood using classical derivatives
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Prototype for hyperbolic PDEs : the wave equation

3D free space wave eq. : consider ∆ = ∂2
xx + ∂2

yy + ∂2
zz and the PDE{

Lu = 1
c2∂

2
ttu −∆u = □u = 0, (x , t) ∈ R3 × R+

u(x , 0) = u0(x), ∂tu(x , 0) = v0(x)
(3)

Solution representation formula :

u(x , t) = (Ft ∗ v0)(x) + (Ḟt ∗ u0)(x) = G (u0, v0)(x , t) (4)

Contrarily to previous examples, Ft and Ḟt are "singular" :

Ft =
σct

4πc2t
(singular measure) and Ḟt = ∂tFt (5)

In some cases (e.g. u0 and/or v0 only C 1), u is well defined but not of class
C 2 !
−→ Link between L, kL and underlying GP U not obvious anymore.
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In some cases (e.g. u0 and/or v0 only C 1), u is well defined but not of class
C 2 !

−→ Link between L, kL and underlying GP U not obvious anymore.

I. Henderson (INSA Toulouse henderso@insa-toulouse.fr)GPs under linear PDE constrs. 5 Octobre 2022 9 / 26



Prototype for hyperbolic PDEs : the wave equation

3D free space wave eq. : consider ∆ = ∂2
xx + ∂2

yy + ∂2
zz and the PDE{

Lu = 1
c2∂

2
ttu −∆u = □u = 0, (x , t) ∈ R3 × R+

u(x , 0) = u0(x), ∂tu(x , 0) = v0(x)
(3)

Solution representation formula :
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Distributional formulation of PDEs

Let D be an open set of R.

Note D the single derivative operator. Linear
differential operator L :

Lu =
n∑

k=1

akD
ku

Suppose u is a classical solution to Lu = 0 : u is of class Cn and verifies

∀x ∈ D, (Lu)(x) = 0 (6)

Multiply (6) by φ ∈ C∞
0 (D) and integrate over D :

∀φ ∈ C∞
0 (D),

∫
D
Lu(x)φ(x)dx = 0 (7)
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Distributional formulation of PDEs

IBP on (7) : ∫
D
Dku(x)φ(x)dx = (−1)k

∫
D
u(x)Dk(φ(x))dx

Define L∗v =
∑n

k=1 ak(−1)kDkv . Then,

∀φ ∈ C∞
0 (D),

∫
D
Lu(x)φ(x)dx =

∫
D
u(x)L∗φ(x)dx = 0

A function u is a solution to the PDE Lu = 0 in the distributional sense if

∀φ ∈ C∞
0 (D),

∫
D
u(x)L∗φ(x)dx = 0 (8)

The standard hypothesis for (8) to make sense is u ∈ L1
loc(D) :∫

K
|u| < +∞ for all compact set K ⊂ D
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Imposing distributional diff. constraints on sample paths

Can we have something like

P(L(U) = 0 in the sense of distribs) = 1
⇐⇒

∀z ∈ D, L(k(·, z)) = 0 in the sense of distribs

Answer : yes.
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Random fields under distributional diff. constraints

Proposition 1 (H. et al. [2022])

Let D ⊂ Rd be an open set and let L =
∑

|k|≤n ak(x)∂
k be a linear

differential operator with coefficients ak(x) ∈ C|k|(D). Let U =
(
U(x)

)
x∈D

be a measurable centered second order random field with covariance kernel
k(x , x ′). Suppose that its standard deviation function σ : x 7−→

√
k(x , x)

lies in L1
loc(D).

1) Then on a set of probability 1, the trajectories of U lie in L1
loc(D) as well

as the functions k(·, x) for all x ∈ D.
2) The following statements are equivalent :

P(L(U) = 0 in the sense of distributions) = 1
∀x ∈ D, L(kx) = 0 in the sense of distributions.

Extends results from Ginsbourger et al. [2016]. to linear distributional diff.
constraints. Application to GPR : this property is inherited to conditioned
GPs and the Kriging means.
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GP modelling for the 3D wave equation

3D free space wave equation :
Lu = 1

c2∂
2
ttu −∆u = □u = 0, (x , t) ∈ R3 × R+

u(x , 0) = u0(x)

∂tu(x , 0) = v0(x)

(9)

Fourier in the space variable on (9)

u(x , t) = (Ft ∗ v0)(x) + (Ḟt ∗ u0)(x) ∀(x , t) ∈ R3 × R+ (10)

with

Ft =
σct

4πc2t
and Ḟt = ∂tFt (11)
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Details on Ft and Ḟt

−→ Ft =
σct

4πc2t
means that

∫
R3

f (x)Ft(dx) =
t

4π

∫ 2π

0

∫ π

0
f (ctγ) sin θdθdφ =

t

4π

∫
S(0,1)

f (ctγ)dΩ

where γ is the unit length vector γ = (sin θ cosφ, sin θ sinφ, cos θ)T .

−→ Convolution between functions and measures :

(f ∗ g)(x) =
∫
R3

g(x − y)f (y)dy (µ ∗ g)(x) =
∫
R3

g(x − y)µ(dy)

−→ Ḟt = ∂tFt means that

⟨Ḟt , f ⟩ = ∂t

∫
f (x)dFt(x)

=
1
4π

∫
S(0,1)

f (ctγ)dΩ+
c

4π

∫
S(0,1)

∇f (ctγ) · γdΩ
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−→ Ft =
σct

4πc2t
means that∫

R3
f (x)Ft(dx) =

t

4π

∫ 2π

0

∫ π

0
f (ctγ) sin θdθdφ =

t

4π

∫
S(0,1)

f (ctγ)dΩ

where γ is the unit length vector γ = (sin θ cosφ, sin θ sinφ, cos θ)T .

−→ Convolution between functions and measures :

(f ∗ g)(x) =
∫
R3

g(x − y)f (y)dy (µ ∗ g)(x) =
∫
R3

g(x − y)µ(dy)
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GP modelling for the 3D wave equation

Suppose that u0 and v0 are unknown.

−→ model them as random functions.

Let (U0(x))x∈R3 ∼ GP(0, ku) and (V0(x))x∈R3 ∼ GP(0, kv ) be two
independent GPs.

Model u0 and v0 as sample paths drawn from U0 and V0 respectively :
∃ω ∈ Ω, u0(·) = U0(·)(ω) and v0(·) = V0(·)(ω).

For fixed (x , t), define the random variables V (x , t), U(x , t) and W (x , t)
by

V (x , t) : ω 7−→ (Ft ∗ V0(·)(ω))(x) (12)

U(x , t) : ω 7−→ (Ḟt ∗ U0(·)(ω))(x) (13)
W (x , t) := V (x , t) + U(x , t) (14)
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GP modelling for the 3D wave equation

Proposition 2
Note D = R3 × R. Define the functions

∀z , z ′ ∈ D, kwave
v (z , z ′) = [(Ft ⊗ Ft′) ∗ kv ](x , x ′) (15)

kwave
u (z , z ′) = [(Ḟt ⊗ Ḟt′) ∗ ku](x , x ′) (16)

1) Then (U(z))z∈D,(V (z))z∈D and (W (z))z∈D are centered GPs.

2) The covariance kernels of (U(z))z∈D,(V (z))z∈D and (W (z))z∈D are
given by kwave

u , kwave
v and kwave

u + kwave
v respectively.

Sketch of proof : bilinearity of the covariance + technical details...
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Solving inverse problems

For all z ∈ D, □kwave
u (·, z) = □kwave

v (·, z) = 0 !

Proposition 1 =⇒ any random field with either of the covariance kernels
above has its sample paths solutions to the wave equation.

Objective now : perform GPR with either of these covariance kernels.

→ Parameter estimation (marginal likelihood)

→ function prediction/reconstruction (Kriging mean/covariance)
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Localization of point sources

Truncated kernel for v0, around x0 ∈ R3, radius R :

kRv (x , x
′) = kv (x , x

′)
1B(x0,R)(x)

4πR3/3
1B(x0,R)

4πR3/3

kwavev ((x , t), (x ′, t ′)) = [(Ft ⊗ Ft′) ∗ kRv ](x , x ′)

(x0,R, c) are hyperparameters of kwaveV . Limit R → 0 : point source.

Objective : recover x∗0 , the true source position, given sensor data w.r.t.
u(x , t).Suppose that all the hyperparameters are set to the correct value
except x0. Solve :

x∗0 = argmin
x0∈R3

uTobs(Kx0 + λI )−1uobs + log det(Kx0 + λI ) =: L(x0)
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Minimize negative marginal likelihood ≡ GPS localization

Figure : negative log
marginal likelihood.

Display values : less
than 2.035 × 109.

× : sensor locations.

× : source location.

See H. et al. [2021]
for study/proofs.
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Initial condition reconstruction

The Kriging means are also solutions to the wave equation : □m̃ = 0

−→ if we observe values of a function u that is solution to □u = 0, then m̃
provides approximations for u0 and v0 with :

m̃(x , 0) ≃ u(x , 0) = u0(x)

∂tm̃(x , 0) ≃ ∂tu(x , 0) = v0(x)

Test case : radial symmetry around some x0, source size R .
Estimate (x0,R, c)

Test case : v0 only : use kwave
v for GPR ; Matérn kernel for kv .

u0(x) = 0

v0(x) = A1[R1,R2](|x − x0|)

(
1 + cos

(
2π(|x−x0|−

R1+R2
2 )

R2−R1

))
−→ Simulate numerically the corresponding solution u(x , t).
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Initial condition reconstruction

Kriging data : B = {u(xi , tj), 1 ≤ i ≤ NC , 1 ≤ j ≤ NT} + noisy data

NC = 30 sensors scattered over [0, 1]3 (Latin hypercube), NT = 75.

Goals −→ Physical parameter estimation/recovery : (x0,R, c)
−→ initial condition reconstruction
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Physical parameter recovery

Perform Log-marginal likelihood maximization with

θ = (c ,R, x0, θmatern)

Example for |c − c∗| :
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Initial condition reconstruction
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Future perspectives : Sobolev regularity of GPs

Natural generalization of distributional formulation of PDEs : replace
C∞
c (D) with larger space of test functions, e.g. H1(D).

→ variational/weak formulation

Natural regularity : Sobolev → H1(D),Wm,p(D)...

||f ||2H1 :=

∫
D
f (x)2dx +

∫
D
|∇f (x)|2dx

Natural interpretation of Sobolev norms : energy, energy balance,... Tackle
physics problems with GP modelling :

→ identify GPs whose sample paths enjoy a specified form of Sobolev
regularity
→ how to control their Sobolev norm ?
→ obtain posterior convergence rates in Sobolev norm...
→ see H. [2022]
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Some conclusions

random fields under linear differential constraints : solutions in the
distributional sense.

GP modelling for the wave equation : formulas for kwave
u and kwave

v .
Inverse problem approach : numerical experiments.
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"Explicit" formulas for (Ft ⊗ Ft ′) ∗ kv and (Ḟt ⊗ Ḟt ′) ∗ ku

More explicitly,

[(Ft ⊗ Ft′) ∗ kv ](x , x ′)

= tt ′
∫
S(0,1)×S(0,1)

kv (x − ctγ, x ′ − ct ′γ′)
dΩdΩ′

(4π)2

[(Ḟt ⊗ Ḟt′) ∗ ku](x , x ′) =
∫
S(0,1)×S(0,1)

(
ku(x − ctγ, x ′ − ct ′γ′)

− ct∇1ku(x − ctγ, x ′ − ct ′γ′) · γ
− ct ′∇2ku(x − ctγ, x ′ − ct ′γ′) · γ′

+ c2tt ′γT∇1∇2ku(x − ctγ, x ′ − ct ′γ′)γ′
)dΩdΩ′

(4π)2
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Radial symmetry formulas

kwave
v (z , z ′) =

sgn(tt ′)
16c2rr ′

∑
ε,ε′∈{−1,1}

εε′Kv
(
(r + εct)2, (r ′ + ε′c |t ′|)2

)
kwave
u (z , z ′) =

1
4rr ′

∑
ε,ε′∈{−1,1}

(r + εct)(r ′ + ε′c |t ′|)k0
u
(
(r + εct)2, (r ′ + ε′c |t ′|)2

)
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